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A'bstract 

A  mechanical  procedure  using  trial  and  error  techniques  is  outlined 
vhich  vill  verify,  in  a  large  nxmiber  of  cases,  the  validity  of  an  argument 
form  expressed  in  quantification  theory.  Combinational  processes  have  been 
Tised  to  a  minimum  extent.  Techniques  of  implementation  for  a  digital  com¬ 
puter  are  also  discussed. 
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AI?  APPLICATION  OF  HEURISTIC  EROGRALSIUTG  TO  THE  PROBLEM 
OF  THEORSr^  PROVUTG  BI  MACHniE 


HilTRODUCTION 

The  hope  of  using  "mechanical  methods"  to  achieve  significant  results  in 
mathematics,  such  as  obtaining  mathemathical  theorems^  seemed  on  the  verge  of 
realization  vhen  Hilbert  noted  that  aU.  classical  mathematics  could  be  expres¬ 
sed  in  the  language  of  quantification  theory#  The  ability  to  detennlne 
vhether  or  not  a  quantificational  formula  (theorem)  foUows  logically  from  a 
finite  set  of  given  quantificational  formulas  (axioms),  vas  the  central  prob¬ 
lem  in  the  hoped  for  process#  This  central  problem  is  known  now  as  the 
Entscheidungs  problem#  The  subseqtient  work  of  Turing,  Church  and  others  in 
the  1930*8,  which  sho\7ed  the  unsolvability  of  this  problem  resulted  in  the 
feeling  that  "mechanical  methods"  (which  implies  our  modem  computers)  cotild 
not  be  used  to  resolve  "significant"  problems  in  mathematics*  Rene\7ed  inter¬ 
est  in  this  topic  has  arisen  as  a  result  of  recently  developed  methods  which 
-vrill  mechanically  (effectively)  determine  that  a  quantificational  argument  is 
valid  if  and  only  if  it  is  valid,  but  will  be  inconclusive  if  the  quantifi¬ 
cational  argument  is  not  a  logical  truth#  Also,  effective  procedures  have 
been  developed  which  will  give  either  an  affirmative  or  negative  answer  to 
this  question  for  a  significant  subset  of  the  set  of  all  quantificational 
arguments# 

There  have  been  a  number  of  attempts  to  produce  a  workable  machine  pro¬ 
gram,  making  use  of  the  available  procedures,  but  each  has  run  into  consider¬ 
able  difficulty  \rith  respect  to  the  propositional  (truth- functional)  tests 
required  by  the  methods.  Most  of  the  theoretical  discussions  of  the  proof 
procedures,  for  example,  Cudne’s,^  point  to  truth-tables  to  resolve  the  prob¬ 
lems  involving  the  truth-functional  tests#  Althoxigh  this  is  theoretically  an 
effective  process  to  solve  all  questions  with  respect  to  truth  values  of 
propositional  formulas  for  use  on  conpirter^  this  is  an  impractical  approach, 
since  the  number  of  rows  on  a  truth-table  increases  exponentially  with  the 
nximber  of  different  propositional  letters  in  the  given  formula  under  test# 

To  date  the  best  approach  to  this  problem  seems  to  be  that  of  Davis  and 
Putnam.^  They  have  presented  a  procedure  for  testing  truth-functional  forms 
that,  with  respect  to  use  on  a  computer,  far  surpasses  the  truth-t^le  method, 
and  is  more  practical  than  the  methods  used  by  Uang3  and  Gilmore*^  But  even 
the  Davis-Putnam  ^  test  is,  in  general,  quite  time  consuming,  and  is  still 
the  phase  of  the  overall  procedure  most  in  need  of  iiiq)rovement#  Interesting 
work  on  this  problem  is  now  being  done  at  IBI^I  by  Dr#  B#  Dunham# 

This  report  is  an  application  of  a  trial  and  error  technique  that  simu¬ 
lates  the  way  a  human  being  would  attack  the  problem  by  extracting  additional 
information  from  a  previous  phase  of  the  process  to  reduce  Ithe  propositional 
tests  to  a  point  vhere  even  the  truth-table  method  might  be  used#  The  methods 
used  in  this  approach  (heuristics)  do  not  give  rise  to  a  procedure  theoreti- 
calJ^r  as  povrerful  as  the  Davis-Putnam^  approach#  However,  Improved  heuristics 
may  increase  the  power  of  this  machine  procedure,  if  it  is  not  already  suf¬ 
ficiently  povrerful,  to  the  point  where  the  reduced  efforts  required  in  truth- 
functional  testing  do  warrant  the  reduced  processing  power  (in  the  sense 
that  there  are  certain  quantificational  arguments  that  are  valid  and  improv¬ 
able  by  the  machk^e  procedure)#  The  question  of  whether  or  not  the  present 
procedure  is  too  limited  has  not  been  adeqiaately  investigated# 
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He\irigtic  I'e^hods  in  Programing 

Practically  all  problems  solved  by  modem  electronic  digital  computers 
today  have  associated  vith  them  an  effective  "algorithm",  that  is,  a 
systematic  procedure  vhich,  when  presented  vith  the  problem  as  input,  is 
g^uaranteed  to  produce  a  solution  as  output.  Kiere  are,  ho^rever,  interest- 
inc  problems  for  vhich  no  algorithm  is  Imovni,  or  no  efficient  one  may  be 
Imovn:,  or  no  algorithm  is  possible.  Even  thou^  we  nay  not  have  an  algo¬ 
rithm  for  a  gi"/cr-  problem,  ve  nay  at  least  kncnr  ho\r  to  recognize  a  solution 
as  such,  should  one  appear.  A  nininun  requirement  associated  with  problem 
solving,  vheuher  by  man  or  machine,  seems  to  be:  If  any  "solution"  should 
appear,  a  "menhod"  mist  exist  for  deciding  %diether  or  not  it  really  is  a 
solution. 

Usually  ire  shall  have  partial  infoimation  about  how  to  produce  a 
solution  to  such  problems.  For  example,  as  a  result  of  successful  human 
attempts  at  solutions  in  the  pact  for  similar  problems,  ve  may  have  enough 
infoms-xion  to  enable  a  partial  decision  procedure.  That  is,  a  systematic 
procedixre  that  canne\^r  guai^tee  solutions  to  all  questions  about  the 
problems  ror  imich  it  iras  designed,  but  nevertheless,  it  may  be  poirerful 
eno'jigh  to  handle  successful!^'  a  large  percentatge  of  problems  presented  to 
it.  One  simtl;^'  described  handling  of  such  problems  by  machine  is  to  have 
the  machine  search  and  test  in  a  systematic  %ray  all  possible  expressions 
that  could  be  solutions.  Even  thou^  ve  biow  something  about  the  s^Titactic 
form  of  a  solution,  such  blind,  brute  force  enumeration  almost  alvrays  in- 
■.t>lves  near-astronomical  numbers  of  trails,  since  these  methods  usually  are 
little  more  than  the  syrtematic  testing  of  all  expressions  in  some  language 
Fortiuiatelv,  it  is  usually  possible  to  er-rtract  added  information  from  the 
given  problem  ‘under  investigation  by  the  machine,  and  thereby  reduce  the 
r.'nber  of  trial  attempts  at  a  solution  to  a  reasonable  number. 

Before  discussing  the  machine  procedure  of  this  report,  a  detailed 
discussion  of  the  fundamental  notions  of  quantificational  logic  needed  in 
the  follCHTing  discussions  Trill  be  developed. 

Definition  of  Ue21-Forned  Fomula  in  Quantificaticnal  Logic 

In  this  section,  foUovring  the  presentations  in  Patton^  and  Wang>^  ve 
^:ill  present  a  definition  of  the  s^mtactical  properties  of  the  langxiage  of 
c'uantificaticnal  logic.  [Die  elemental  synbols  that  foim  the  alphabet  of 
the  language  are  classified  as  foUcr-rs: 


Logical  connectives: 

11 

"  2: 

T1  I! 

V  " 

,  — ^  . 

Statement  letters: 

"  A 

II  ri 
9 

B 

,  "  C  ' 

y 

« # .  •  . 

Predicate  letters: 

"  G 

i: 

9 

"  H  ^ 

%  "  I 

II 

y 

. . .  . 

Individual  names: 

"  a 

r 

9 

"  b  ' 

>  '''  c 

:i 

y 

• . .  • 

Indi’udual  variables: 

II 

9 

T’  : 

z 

11 

y 

. . .  . 

Civxint  if  iers ; 

vhere 

X  is 

BXi^r 

individual  variable. 
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Since  statement  letters  and  predicate  letters  vill  always  be  followed 
by  different  syntactical  forms  (predicate  letters  will  be  folloa/ed  Immediate¬ 
ly  on  the  right  by  individual  names,  individual  variables  or  both,  statement 
letters  will  never  be  immediately  follo^7ed  on  the  right  by  these  symbols), 
machine  procedures  do  not  demand  the  set  of  statement  letters  be  mutually  ex¬ 
clusive  from  the  set  of  predicate  letters#  It  will  be  essential,  however, 
that  individual  names  and  individual  variables  belong  to  mutually  exclusive 
sets#  These  points  will  be  discussed  in  more  detail  later# 

From  the  set  of  all  possible  finite  strings  of  these  synibols,  a  unique 
subset  will  be  called  well- formed  formulas  (“^rff  *s)  and  will  be  defined  re¬ 
cursively  as  follows; 

1#  A  statement  letter  is  a  wff. 

2#  A  string  consisting  of  a  predicate  letter  followed  by  any  number 
of  individual  names  and/or  indi\adual  variables  in  any  combination  is  a  wff, 
and  the  variables  occurring  in  it  are  called  free  variables# 

3#  If  S  is  a  wff,  then  so  is  S  ( called  the  negation  of  S)# 

4.  If  S  and  T  are  irff’s,  then  so  are  (SScT),  (SVT),  and 

(  S  o  t),  and  the  free  variables  of  S  and  T  are  also  free  in  these  wff 's# 
(They  are  called,  respectively,  the  conjunction  of  S  and  T,  the  disjmction 
of  S  and  T,  and  the  implication  of  T  by  S.) 

5.  If  S  is  a  vff  and  x  is  any  \^iable,  then  provided  "(Ex)”  or  "(x)" 
does  not  occur  in  S,  then  (Sx)S  and  (x)S  are  wff*s,  and  the  variables  other 
then  X  in  S  that  occurred  free  still  occur  free.  x  in  S  is  now  said  to 
be  bound  by  the  quantifier. 

Interpretation  of  Quant  if  icational  Formulas 

Quantificational  formulas  as  such  cannot  be  said  to  be  true  or  false 
vintil  an  interpretation  is  presented.  An  interpretation  of  a  quantifi- 
catlonal  formula  S  irill  consist  of  the  fo Hearing  assignments; 

1.  To  each  statement  letter  in  S,  a  truth  value. 

2.  To  the  quantifiers  of  S,  a  set  of  individual  elements  called  a 
universe. 

3#  To  each  free  variable  of  S,  a  member  of  the  universe# 

To  each  predicate,  with  its  variables  and  individual  names,  a  tnith 
value  assigned  to  each  string  obtained  by  substituting  individual  elements 
from  the  universe  for  the  variables. 

Once  an  interpretation  has  been  made,  the  truth  value  of  the  quantifi- 
cational  formula  is  determined  by  the  following  recursive  rules; 

1#  A  formula  without  logical,  connectives  or  quantifiers  obviously  has 
a  truth  value  when  its  symbols  have  been  interpreted# 
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2*  (S  V  T)  is  true  if  and  only  if  at  least  one  of  S  or  T  is  true# 

(S  &  T)  is  true  if  and  only  if  both  S  and  T  are  true#  (S  ^  T)  is  false  if 
and  only  if  S  is  true  and  T  is  false.  S  is  tanae  if  and  only  if  S  is 

false. 

3.  If  X  is  any  variable  and  (x)S  is  a  wff,  then  (x)S  is  true  for  a 
given  universe  if  and  only  if  S  is  true  under  every  possible  interpretation 
of  X  in  the  given  universe. 

1^-.  (Ex)S  is  true  in  a  given  \miverse  if  and  only  if  S  is  trxae  for  at 
least  one  interpretation  of  x  in  the  given  universe. 

Since  statenent  letters  "disappear”  as  soon  as  an  interpretation  is 
given,  they  vill  not  affect  any  of  the  problems  with  t^ch  ve  will  be  con¬ 
cerned.  T7e  shall  assume  from  here  on  that  statement  letters  do  not  appear  in 
Bxsy  fomxila. 

The  effect  of  statement  letters  in  any  formual  is  accounted  for  accord¬ 
ing  to  the  follovring  replacement  rules: 

1.  (a)  replace  ^  T  by  F, 

(b)  replace  ^  F  by  T, 

2.  (a)  replace  T  £:  B  or  B  &  T  by  B, 

(b)  replace  F  B  or  B  &  F  by  F, 

3.  (a)  replace  T  V  B  or  BYT  by  T, 

(b)  replace  F  V  B  or  B  V  F  by  B, 

4.  (a)  replace  T  O  B  by  B, 

(b)  replace  B  O  T  by  ^  B^ 

(c)  replace  B-^  T  or  F  ^  B  by  T. 

Definition  Based  on  the  lotion  of  an  Interpretation  of  a 
Quantificational  Formula 

1.  A  non-empty  interpretation  of  a  vff  is  one  that  assigns  to  the 
quantifiers  of  the  \Tff  a  non-empty  xmi verse.  From  nm  on  we  shall  assxsne 
when  using  the  term  "interpretation”  a  non-empty  one. 

2.  A  wff  S  is  a  logical  truth  if  and  only  if  S  comes  out  true  on  every 
interpretation . 

3.  A  wff  S  is  consistent  if  and  only  if  S  comes  out  true  on  some  in¬ 
terpretation. 

4.  TH70  wff*s  S  and  T  are  logically  equivalent  if  and  only  if  (  (S»T) 

&  (T  o  s)  )  is  a  logical  truth. 

5*  A  finite  set  of  wff *s  is  consistent  if  and  only  if  any  conjunction 
of  all  the  wff ‘s  is  consistent.  i. 


6.  An  argunent  is  valid  if  and  only  if  the  set  of  wff 's  that  comprises 
its  premise,  and  the  negation  of  its  conclusion,  is  inconsistent. 

Prenex  Moiaal  Fom 

Given  any  S  it  is  edvays  possible  to  find  a  vff  T  '(diich  is  logicailly 
equivalent  to  S,  and  T  is  of  the  fom  (Q^)  (T')  con¬ 

tains  no  quantifiers.  Q^j^,  i  ■  1,  2,  ...,  n,  is  a  quantifier  (either  an  (Ex) 
or  (x)).  When  any  wff  is  in  the  fom  of  T  (that  is,  all  quantifiers  on  the 
left),  it  is  said  to  be  in  prenex  nomal  fom.  For  a  further  discussion  of 
this  topic  see  reference  6. 

Quine’s  Proof  Procedige  for  Quantificational  Logic 

Ihe  method  to  be  described  now,  foms  the  basis  of  ny  machine  procedure. 
It  was  presented  in  detedl  in  the  original  paper  by  Quine^  which  appeared  in 
the  Journal  of  Synibolic  Logic  in  1955.  The  method  is  a  test  for  the  incon¬ 
sistency  of  a  finite  set  of  q\xantificational  formulas.  That  is,  it  can  prove 
any  inconsistent  set  of  formulas  to  be  inconsistent,  but  it  cannot  prove  any 
consistent  set  of  fomulas  to  be  consistent.  We  can  use  the  method  to  prove 
the  validity  of  arguments  since  an  argument  is  valid  if  and  only  if  the  con¬ 
junction  of  the  set  of  formulas  representing  the  premises  of  the  argument  and 
the  negation  of  the  conclusion  of  the  argument  is  inconsistent.  This  can  be 
seen  more  clearly  by  considering  the  following;  let  A  be  a  set  of  formulas 
representing  the  premises  of  an  argument,  and  let  B  represent  a  conclusion. 

We  know  that  A,  and  therefore  B,  is  a  valid  argument  if  and  only  if  any  con¬ 
junction  of  all  the  premises  and  the  negation  of  the  conclusion  is  incon¬ 
sistent.  Since,  from  truth-functional  logic,  p  &  ^  q  is  the  negation  of 
p  5  q,  then  if  p  &  -vq  is  inconsistent,  then  p  q  must  be  logics!  truth. 

The  first  requirement  of  the  method  is  that  each  formula  of  the  set 
being  tested  for  inconsistency  be  put  into  prenex  normal  fom  in  such  a  man¬ 
ner  that  no  variable  letter  that  occurs  in  any  formula  as  sui  existential 
quantifier  occxirs  free  anyvdiere,  or  as  another  existential  quantifier  in  the 
set  of  formulas.  If  we  now  have  a  set  of  formulas  P^^,  P2,  ...,  Pjj  satisfying 

these  conditions,  we  now  construct  for  each  Pj^  and  Fj^,  called  the  functions! 

nomal  fom,  as  foUovrs:  delete  the  leftmost  existentie!  quantifier  Pj^  and 
subscribe  xiX2...Xjj  to  each  variable  that  it  bound,  where  the  viniversal 
quantifier  that  wan  deleted  is  (x^^)  (X2) . . .  (xjj) ,  in  that  order.  Continue 
the  above  process  with  each  next  leftmost  existentis!  quantifier  of  flnslly 
soTiving  at  the  F^.  A  tern  with  subscripts  in  one  of  the  F's  is  cs!led  a 

function  tern.  What  is  cal  led  the  lexicon  for  the  set  of  P's  is  a  set  of 

elements  determined  sis  follows: 

1.  All  variables  which  occur  free  and  subscriptless  in  the  F's,  or  if 
there  are  none,  then  the  letter  a. 

2.  All  results  of  \siifomIy  replacing  the  subscript  letters  of  function 
terms  by  members  of  the  lexicon. 

A  lexical  instance  of  F^  resi!ts  when  the  quantifiers  of  F^  sure  dropped 
and  the  variables  they  bound'We  replaced  by  manbers  of  the  lexicon.  The 
subscript  letters  of  the  function  terms  sure  to  count  sis  bound  variables  for 
purposes  of  this  definition.  lEie  method  is  bsised  on  the  principle  that  a  set 
of  quantificatlonal  fomulas  is  inconsistent  if  and  only  if  some  lexical 
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instance  of  the  set  is  truth-functional  1.y  inconsistent.  The  coo^leteness  and 
soundness  of  the  nethod  are  discussed  in  references  It  5 t  and  7. 

The  Machine  Procedure 


The  approach  vc  vUl  tahe  in  describing  “the  nachine  procedxzre  for  this 
project  will  be  as  follows:  ve  will  first  describe  the  mechanical  processes 
involved,  in  a  natural  language  (English)  assuming  certain  machine  processors 
available  to  handle  the  manipulations  necessary  on  the  strings  of  infoimatlon. 
The  meu:hine  capabilities  will  not  always  be  specifically  mentioned  in  this 
section.  Later  ve  will  concentrate  on  the  machine  capabilities  demanded  by 
OUT  problem. 

a.  !Pie  Machine  Foimation  of  the  Functional  lforn»fti  Fonts 


Ihe  procedure  for  constructing  functional  normal  foms  for  any  finite 
set  of  quantificational  formulas  is  completely  deterministic  and  poses  little 
challenge  to  anyone  familiar  with  the  usiuil  processing  involved  with  mechani¬ 
cal  string  languages.  To  bring  out  the  "mechanical”  features  of  the  follow¬ 
ing  manipulations  which  will  be  performed  on  our  information,  ve  shall  assisne 
certain  registers  available  and  certain  operations  such  as  formation  and 
deletion  of  lists,  scanning  strings,  and  concatenation  and  deconcatexiation. 

All  of  these,  and  many  others,  shall  be  discussed  in  detail  when  we  consider 
the  general  syntactical  mechanical  processors  made  necessary,  or  just  desira¬ 
ble,  for  a  machine  realization  for  ovtr  problem.  ¥e  shall  introduce  informal¬ 
ly  each  operation  and  device  as  needed.  Many  will  not  be  discussed  directly 
in  this  section,  but  will  be  Implied  by  the  required  manipulations. 

Ve  assume  the  Fj^'s  are  stored  in  a  general  storage  area  and  can  be  call¬ 
ed  into  a  general  working  register  A  at  will.  We  assume  an  auxiliary  regis¬ 
ter  S  idiich  will  be  used  in  the  manner  of  a  "scratch  pad".  Both  of  these  and 
any  other  ve  may  need  will  be  registers  of  flexible  size.  Assume  the  regis¬ 
ters  are  empty,  and  bring  into  A-register.  Scan  from  left  to  right  as 
follows:  if  the  symbols  on  the  extreme  left  are  those  of  an  existential 
quantifier  (left  parenthesis,  "E",  variable  name,  rigjit  parenthesis),  then 
they  are  deleted.  Note  here,  we  are  implying  the  ability  to  recognize  a 
variable  name  symbol,  therefore,  a  list  must  be  available  of  variable  names, 
and  a  comparison  operation  is  performed.  If  these  first  symbols  are  not  those 
of  an  existential  quantifier,  then  the  machine  asks  whether  or  not  they  ajre 
the  symbols  of  a  universal  quantifier.  If  they  cure  not,  then  P^  is  already 
in  functional  normal  form  and  is  now  considered  F]_.  Ve  store  and  call  P2 
into  the  A-register.  But,  if  these  symbols  are  those  of  a  universal  quanti¬ 
fier,  we  do  not  delete  this  quantifier,  but  place  a  copy  of  its  variable  name 
in  auxiliary  register  S.  Ve  then  move  our  scan  to  the  symbols  to  the  right 
of  the  quantifier.  From  now  on,  every  time  we  meet  a  universal  quantifier  in 
o\xr  scan,  ve  concatenate  its  variable  name  to  the  ri^t  of  the  contents  of 
the  S- register.  Also,  from  now  on,  each  time  we  meet  an  existential  quanti¬ 
fier  we  delete  it  and  concatenate  to  each  variable  it  bound  in  the  formula, 
the  symbol  "/"  followed  by  the  contents  of  the  S-reglster.  Ve  do  not  erase 
the  contents  of  the  S-register  during  this  concatenation  operation.  Ihe  above 
procedures  are  continued  until  something  other  than  a  quantifier  is  met  at 
which  time  ve  erase  the  S-register,  store  the  contents  of  A  in  F.  (the  name 
of  the  location  in  general  storage  containing  Fj^  is  "Fj^"),  and  cul  the  con¬ 
tents  of  F2  into  the  A-register.  These  procedures  are  continued  until  all 
the  P's  have  been  transformed  into  F's. 
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"b.  Problens  of  Lexicon  Fornatlon 


tiany  of  the  processes  that  xre  shall  consider  in  this  section  and 
especially  in  the  next  section  on  "optimal  instantiation"  are  difflcxilt,  if 
not  impossible,  to  consider  in  general  -  let  alone  solve  in  general.  The 
best  strategy  that  vre  have  found  to  attack  these  problems  is  to  design  pro¬ 
cedures  that  may  vrork  in  a  large  nmber  of  cases,  and  then  throu^  empirical 
results  ve  can  analyze  our  results  and  modify  our  design,  or  con^letely 
rebtilld  them,  if  the  analysis  indicates  that  such  is  desirable,  or  necessary 
(and  of  coxirse  possible).  This  is  in  line  with  vfaat  many  researchers,  in 
artificial  intelllsence  systems,  consider  to  be  the  best  strategy  for  their 
problems,  that  is  to  postulate  a  system  capable  perhaps  of  exhibiting  an 
interesting  behavior,  then  to  explore  it  experimentally  and  theoretically 
(modifications  being  made,  of  course,  as  a  result  of  empirical  data).  Ex¬ 
amples  of  such  projects  are  the  neioral  nerve  net  experiments  of  Holland  and 
his  associates,  the  vork  of  Amarel  in  automatic  theory  formation  processes, 
and  Ileuell,  Shaw,  and  Simon's  vork  on  the  Logic  Theory  Machine  and  the 
General  Problem  Solver. 


The  system  being  discussed  in  this  renort  has  undergone  some  modification. 
The  present  section  discusses  the  problens  encountered  when  the  system  was 
designed  to  enumerate  a  finite  number  of  lexicon  members.  The  number  depend¬ 
ed  upon  the  "complexity"  of  the  set  of  P's.  Although  this  process  is  no 
longer  designed  into  the  sj’-stem,  we  feel  it  advantageous  to  discuss  it  here 
so  as  to  provide  additional  insight  into  the  prograrmung  problems  involved, 
to  provide  an  additional  motivation  for  the  processes  presently  chosen  in  the 
st'sten,  and  finally  to  illustrate  further  how  blind  enumeration,  •v±Lich  often 
gets  out  of  hand,  can  be  replaced  by  strategic  "short-cuts"  seen  as  a  resiilt 
of  patterns  in  the  formulas. 


The  lexicon  given  in  the  introduction  contains  all  unbound,  subscript¬ 
less  variables.  This  T:as  easily/-  programmed;  the  F's  were  placed  in  the 
A- register  and  each  quantifier  letter  (all  of  cotorse  are  xmiversal)  is 
placed  on  a  previously  empty  list  Q.  During  a  left  to  ri^t  scan  of  the 
formula  proper,  each  variable  name  is  tested  against  the  entries  on  Q,  so  that 
if  no  comparison  is  found,  and  the  variable  under  test  is  not  foUcared  im- 
mediateli’’  by  "/",  then  it  is  placed  on  a  list  L  ’.rhich  represnts  the  lexicon. 
This  process  continued  throu^  all  the  F's  gives  all  lexical  member  names 
obtained  from  unbotmd,  subscriptless  veuriables.  After  testing  all  the  F's, 
if  list  L  is  empty,  "x"  is  placed  on  list  L,  in  line  with  the  theory  of  o;ir 
lexicon.  The  rectirsive  process  involved  in  extending  the  lexicon  is  to  now 
replace  all  subscript  letters  by  members  of  the  lexicon.  This  process  can 
generate  a  representive  lexicon,  that  is,  one  that  is  complete  enou^  to  solve 
a  large  percentage  of  problems,  only  if  all  subscript  strings  are  of  length  1 
(irith  perhaps  onlj’’  one  of  length  2).  T^Jhen  an  attempt  is  made  to  generate  a 
lexicon  for  a  set  of  foimulas  in  which  appear  subscript  strings  of  lengths  2, 
3,  or  more,  the  number  of  elements  needed  in  the  lexicon  becomes  extremely 
large.  This  not  onl^'’  makes  the  generation  of  the  lexicon  difficult,  but  makes 
the  rest  of  the.  machine  procedure  very  inefficient. 


As  an  example  of  the  lexicon  difficulties  consider  the  example  of  the 


two  function  tenns  E:-: 
be  a  member  of  the 
icon. 


con,  therefore,  Xaa,  *uid  i^eaa,  ®re  members  of  the  lex- 
The  following  are  also  members;  x^^a, 


Suppose  "a"  ^ras  previously  determined  to 


•  •  •  • 
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If  cne  izsl'.es  the  attempt,  a  laethod  of  enumeration  is  most  difficult,  if  not 
alroEt  ir.i;c2cible,  to  program  in  general.  Imagine  the  difficulty  of  fotir  or 
five  nultisubscriirted  predicates J 

c.  lovarc  Ontimal  Universal  Instantiation 


al  n 
le: 

£  ii-TiCS 


nacr.: 

for 

C  O'*" 
Ter 

e::o 
le:' 


le  purpose  of  an  attenpt  toward  optimal  instsntiation  of  the  f\inc"^lon- 
cmal  ferns  is  to  instantiate  in  such  a  irey  so  as  to  get  all  string:?  of 
cal  nenbers  follo^ring  like  predicates  to  he  identical.  This  is  desirable 
he  nore  identicaJL  lexical  instance  terns  ve  have  in  a  lexical  instan- 
ion  of  the  set  of  F’s,  the  greater  vill  be  oxjr  chance  of  arriving  at  a 
h-functional  contradiction  which  is  our  overall  goal.  This  phase  of  the 
ine  procedure  proceeds  as  follows:  a  scan  is  made  of  the  functional. 

‘=.1  foms  and  lists  are  fomed,  each  containing  like  predicates  follcrwed 
.e  strings  of  s:.Tibols  that  appeared  after  each  predicate.  During  the 
.xion  of  the  lists  a  parenthesis  is  pleoed  on  each  side  of  a  s;mbol  that 
.ins  a  hound  \rariahle  (all  subscripted  terns,  and  bound  imsubscripted 
) .  .-ILong  with  each  entr:'"  in  the  lists  is  placed  its  location  in  the  set 
£,  that  is,  the  particular  F  from  which  the  predicate  and  string  iras 
cted,  and  the  i*^"-  occurrence  of  that  particular  predicate  talien  from 
to  riglit  within  the  F.  For  example,  ’'G(x)(u.-)w,  F2,  3"  would  be  typical, 
ovld  rear,  the  third  occurrence  of  predicate  G  ^rithin  F2,  containing  the 


■.’sriao-Le  *1:, 
sc  ntr.b*"'’'**cd  i 
Ln  the 


the  bo-'jT.c  variable  x,  and  the  subscripted  term  Ux.  Ihese 


m,  vhere  m  is  the  nxmiber  of  predicate  letters  tliat 


sea  01  r ‘s. 


A  cop:'  of  lists  1  thro-agh  n  is  made.  Hie  reason  for  this  is  that  in- 
soar.tiaoior.s  vill  be  made  and  the  results  tested:  if  they  fail  to  produce 
a  contradiction  in  the  final  (truth-functional)  test,  a  different  instant- 
iaoicn  '.rill  be  made  and  again  tesned.  '.Je  must  have  a  master  copj’’  of  the 
lisns  from  i-hich  ve  can  make  copies  for  use  in  our  attempts  at  instantiation. 

A  cop:'  2f  list  1  is  considered  first  vith  an  emamination  of  the  first 
s;-mbol  follmring  each  predicate  letter.  An  attempt  is  now  to  be  made  to 
mnsiimioe  the  number  of  identical  sjoabols  ire  can  substitute  into  this  position 
s:'  lexical  instantiation.  Obviously',  if  nore  than  one  unbound  i-ariabie  type 
appears  in  this  firsx  position  after  the  predicate  letters,  these  can  never 
be  made  identical.  If,  hoirever,  at  least  one  unbound  variable  appears  along 
'..'iah  subscripted  terms,  then  a  decision  must  be  made  as  to  the  choice  of 
insaantiaxion.  If  the  number  of  subscriptless,  bound  variables  plus  one  is 
greater  than  the  number  of  like  letters  follovred  by  subscript  strings  of 
equal  length  (e.g.,  'nrxv)  numiber  of  subscriptless,  bound 

'v'ariaoles,  then  the  subscriptless,  boiaad  variables  and  parentheses  are  placed 
b:'  xhe  unbound  variable.  On  the  other  hand,  if  this  is  not  the  case  (the 
number  of  unbound,  subscriptless  variables  plus  1  is  not  greater),  then  the 
sub scripted  letters  in  the  terms  which  qualified  are  instantiated  with  the 
•unbound  ■'/ariable,  parentheses  are  dropped,  and  the  houmded,  suhscriptless 
triable s  are  each  instantiated  with  a  representative  subscripted  term  which 
has  just  had  its  subscripts  instantiated  v;ith  the  hound  variable.  After  all 
this,  if  any  first  sjoibois  following  the  predicate  letters  have  not  yet  been 
instantiated,  the  process  is  repeated  starting  with  the  copy  of  list  1  as  it 
is  nou'  (after  the  partial  instantiation). 
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At  this  point  we  have  instantiated  the  first  symbol  place  following  all 
predicate  letters  on  list  1.  Before  going  to  the  second  symbol  position,  we 
must  consider  the  effects  of  ovir  instantiations  made  in  symbol  position  1. 
Vftienever  an  instantiation  is  made  in  a  qnantificational  formula,  every  occur¬ 
rence  of  the  variable  within  the  scope  of  the  quantifier  must  be  instantiated 
in  the  same  way.  Each  time,  therefore,  an  instantiation  is  made  in  a  particu¬ 
lar  F,  it  must  be  similarly  made  for  each  occiarence  of  the  bound  variable 
in  each  similar  F  in  all  lists.  This,  of  course,  is  done  by  means  of  the 
location  Information  following  the  predicate  strings  on  all  lists. 

We  are  now  in  a  position  to  examine  position  2  (still  on  list  l)  for 
purposes  of  instantiation.  The  procedures  will  be  identical  with  those  dis- 
cixssed  above  for  position  1  except  that  now  we  have  an  added  criterion.  Since 
the  symbols  in  position  1  have  been  partitioned  into  sections  of  identical 
lexicon  members,  we  now  wish  to  instantiate  in  position  2  as  to  match  the 
pairtition  of  position  1  as  closely  as  possible.  The  procedure  is  as  foUw/s: 
instantiations  of  position  2  are  made  as  outlined  for  position  1  and  each 
res\ilt  stored.  That  is,  the  partitions  of  ixDsition  2  may  be  different,  and 
if  so,  each  is  stored.  Each  pairtition  (instantiation  pattern)  is  then  com¬ 
pared  with  the  partitioning  of  position  1.  The  one  that  matches  best  is 
chosen  as  the  instantiation  of  position  2.  The  procedure  then  continues  with 
position  3/  which  is  compared  with  position  2^  and  so  forth.  (Better  still, 
but  still  not  optimal,  is  that  position  n  ought  to  be  compared  with  positions 
1,  2,  ...,  n-1,  and  maximized  for  natch,  but  for  simplicity,  and  since  it 
does  not  seem  to  have  an  important  effect,  this  will  not  be  done  here.)  Each 
time  an  instantiation  is  chosen,  then  each  occurrence  of  the  bound  variable, 
again,  is  sinilarlj'  instantiated  if  occurring  within  the  same  F. 

VThen  all  instantiations  on  list  1  have  been  determined,  we  proceed  in  an 
identical  fashion  irith  list  2,  then  list  3t  etc.  VJhen  this  process  is  com¬ 
plete  we  are  ready  for  the  next  phase  of  the  overall  machine  procedure,  name¬ 
ly,  the  test  for  a  truth-fimctional  contradiction. 

The  truth- functional  forms  are  built  from  a  copy  of  the  set  of  F's  with¬ 
out  quantifiers  and  with  the  instantiations  as  now  appear  on  the  lists  of 
predicate  types.  The  test  procedure  for  the  truth-functional  contradiction 
will  be  discussed  in  the  next  section.  If  the  truth-functional  test  at  this 
point  assures  us  of  a  contradiction,  our  machine  procedure  concludes  that  the 
original  argument  ims  valid.  If,  hovfever,  we  are  unable  to  find  a  contra¬ 
diction,  we  must  make  an  appropriate  modification  and  a  new  attempt  at  forcing 
a  truth-fmctional  contradiction.  The  motivation  for  the  renewed  attempt  pro¬ 
cedures  we  have  chosen  is  given  sUfter  its  procedinres  are  described. 

We  renumber  the  previously  mentioned  lists  of  predicates  as  follows: 

1  becomes  2,  2  becomes  3t  •••>  becomes  m,  and  m  becomes  1.  Then  the 
entire  preceding  for  instantiation  and  the  truth-functional  test  is  repeated 
on  a  new  copy  of  the  original  predicate  lists.  If  the  condition  occws  that 
the  list  originally  numbered  1  progresses  to  the  point  'vrtiere  it  is  now  nm- 
bered  m  and  still  the  truth-functional  test  fails,  then  the  machine  procedure 
is  unable  to  conclude  anything  aboTit  the  original  quantificational  argument 
and  the  machine  halts. 

Hie  reasoning  behind  the  above  change  in  the  list  numbering,  as  a  basis 
for  ova*  renewed  attempts  to  derive  a  truth-functional  contradiction,  can  be 
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seen  from  the  following  example:  suppose  the  following  lists  had  been  origi¬ 
nally  formed  by  the  scan  of  some  F's: 

List  1  Pw,  F3_,  1 

P(x),  ^2,  1 

P(ux),  F3,  1 


List  2  H(x),  Fg,  1 

H(yx),  F2,  2 

Our  procedure  would  instantiate  P(x)  on  list  1  line  2  as  Pw,  since  our  pro¬ 
cedure  vould  instantiate  Pu^r  for  p(x)  only  if  there  would  he  a  resulting  gain 
as  far  as  the  nmiber  of  like  predicate  strings  is  concerned,  which  in  this 
case  does  not  happen.  This  instantiation  of  v  for  (x)  forces  H(x)  of  list  2 
line  1  to  he  instantiated  hy  Hw.  This  vovild  make  it  inpossihle  to  instanti¬ 
ate  H(yx)  so  as  to  be  identical  with  Hw.  Suppose  further  that  no  contra¬ 
diction  co;i1q  he  foiznd  in  the  truth- functional  instances  unless  the  two  pre¬ 
dicates  on  list  2  are  instantiated  with  the  sane  lexical  member.  Thus,  unless 
ve  instantiate  list  2  first,  no  contradiction  can  he  found,  and  althou^  the 
original  argument  is  valid  ve  will  not  find  it  so  hy  not  extending  our  in¬ 
stantiation  procedure.  Hovr,  h^'*  instant iatir^g  list  £  first:  Hy^,  Hy^,  Pw, 

Py^,  win  be  obtained  and  will  result  in  our  machine  procedure  being  able 
to  state  that  the  original  argument  is  valid. 

• 

d.  Testing  for  Truth-Functional  Inconsistency 

After  a  lexical  instantiation  of  the  functional  normal  forms,  they  are 
no  longer  a  set  of  quantificational  formulas,  hut  then  a  set  of  truth- 
functional  formulas.  At  this  stage  of  the  overall  procedtire,  the  set  must  he 
tested  for  a  contradiction.  That  is,  the  question  must  be  ans^/erect-as  to 
whether  or  not  it  is  possible  to  assign  values  of  trioe  or  false  to  the  "truth- 
functional  atoms"  (the  smallest  grouping  of  letters  that  can  take  on  a  truth- 
value  in  the  set  of  formulas,  i.e.,  or  etc.)  so  as  to  get 

all  formulas  of  the  set  at  once,  that  is,  the  same  truth- value  to  all  occu¬ 
rences  of  like  symbols  throu^out  the  set  of  formulas.  If  the  answer  is  no, 
that  is,  no  such  assigrmient  is  possible,  then  the  set  is  said  to  he  truth- 
fimctlonally  inconsistent,  and  our  procedure  assures  us  that  the  original 
argument  presented  to  the  machine  for  test  is  valid. 

Questions  such  as  the  one  above,  concerned  with  whether  or  not  a  set  of 
truth-functional  formulas  is  contradictory,  consistent,  inconsistent,  etc., 
are  bJlI  decidable,  since  truth- tables  can  alvmys,  in  theory,  be  used  in  a 
machine  decision  procedure.  There  are  man^"  machine  procedures  that  have  been 
designed  to  answer  such  questions  abo\rt  truth- functional  formulas.  Each  de¬ 
signed  to  be  far  more  efficient  than  a  brute  force  table-bxiilding  procedure. 
(See  for  example  reference  8.) 
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Rather  than  attempt  tc  leslgn  a  different  method  of  testing  for  truth- 
fvmctlonal  inconsistency,  ^.-•5h  vould  probably  not  be  as  good  as  the  above 
mentioned  vorhs,  ve  viU  assume  that  one  of  the  existing  methods  has  been 
adapted  to  our  needs. 

A  Sunsnaiy  of  the  Synteictical  Devices  Required  for  an 
Efficient  Machine  Realization 


In  our  discxissions  of  the  processes  that  aire  involved  in  the  machine 
attack  on  the  problem,  certain  processing  devices  and  capabilities  vere  as¬ 
sumed  to  exist,  l.e.,  scanning  registers,  forming  and  interrogating  lists  of 
infoxmatlon,  etc.  Rone  of  the  processes  used  are  beyond  the  capabilities  of 
existing  mei^ines  or  some  programming  languages  in  todays  technology.  We 
will  here  summarize  informally  certain  functions  that  vould  be  desirable  to 
anj'  machine  or  language  given  the  Job  of  realizing  the  overall  machine  pro¬ 
cedure  of  this  thesis. 

Ibe  machine  must  have  a  list  of  variable  names,  and  a  list  of  indlvldusLl 
names,  both  stored  in  the  machine  before  any  given  problem  can  be  worked  on. 
Ibe  lists  must  be  mutually  exclusive.  The  machlxie  may  also  have  a  list  of 
predicate  letters,  and  a  list  of  sentential  letters,  and  if  these  were  also 
mutually  exclxisive  lists  it  -v/ould  simplify  the  procediire  somewhat.  This  is 
not  absolutely  necessary,  however.  If  the  machine  can,  as  a  minimum,  recog¬ 
nize  capital  letters,  and  If  a  capital  letter  is  followed  by  a  variable  name 
or  an  individual  name,  then  it  is  a  predicate  letter,  otherwise  it  is  a  sen¬ 
tential  letter. 

The  machine*  will  have  a  general  storeige  aurea  that  will  store  strings  of 
symbols,  the  strings  being  of  variable  length,  and  lists  of  information  (e.g., 
predicate  letters  and  strings  of  symbols)  of  vau*iable  depth.  The  strings  and 
lists  will  be  stored  with  an  addressing  capability  as  follows:  a  string 
named,  e.g.,  P2  will  be  stored  in  a  location  also  called  "pg".  Therefore,  the 
machine  cam  "store  string  P^,"  or  "put  string  Pj^  into  the  A- register",  etc. 

The  machine  will  auLso  handle  lists  in  a  similar  way.  We  can  say,  for  example, 
"store  list  1",  or  "interrogate  list  3  for  the  following...".  Another  impor¬ 
tant  machine  function  will  be  the  ability  to  duplicate  a  string  or  a  list. 

This  capability  was  \ised  throughout  our  program,  and  seems  to  be  an  in^ortant 
function  in  problems  of  this  natTu«.** 

The  imchihe  will  have  a  general  working  register  that  will  be  able  to 
'  nold  a  string  of  symbols.  The  register  will  be  flexible  in  the  sense  of  being 
able  to  hold  strings  of  variable  length.  Parts  of  the  string  held  in  this 
register  can  be  replaced  by  strings  which  need  not  be  the  same  size  as  the 
parts  they  are  replacing.  Therefore,  the  restilt  of  such  a  replacement  may  be 
a  string  in  this  working  register  of  equal,  smEiller,  or  longer  length.  The 
register  will  be  coiiQxssed  of  cells  \diich  will  hold  basic  symbols  of  our 
system,  e.g.,  a  cell  might  hold  a  predicate  letter,  a  "/",  a  variable  name, 
a  "(",  etc.  These  cells  will  be  interrogated  usi»lly  by  a  left  to  right  scan, 
and  the  machind  will  react  as  a  function  of  the  symbol  found  in  the  particular 


*  V7e  will  now  be  referring  to  an  "ideal  machine  (program  or  heu'dvrare)  for  the 
mechanization  of  our  procedures. 

**  It  is  obvio:isly  connected  with  trial  and  error  techniques. 
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cell  under  interrogation.  Ve  vlU  usually  use  this  capaltllity  as  foUovs: 
ve  want  to  ask  ±£  some  string  X  is  the  head  of  the  contents  of  the  uorlidng 
register  (i.e.,  if  X  concatenated  vith  Y  is  the  contents  of  the  vorhing 
register).  X  nl^t  he  of  the  foxn  concatenated  vith  a  general  name  of 
same  type  of  ssmbol,  followed  hy  ")".  The  machine  vUl  he  aided  in  situations 
of  this  sort  hy  table  look-up  procedures  to  determine  vhether  sjrmhols  are  of 
such  and  such  type,  or  of  such  and  such  a  class. 

The  machine  is  able  to  concatenate  onto,  or  deconcatenate  from,  either 
end  of  this  vorking  register.  The  machine  can  store  the  contents  of  the 
working  register  into  genex^  storage,  clearing,  or  not  clearing  itself,  as 
it  does  so.  We  can  call  strings  from  general  storage  into  the  working  regis¬ 
ter,  each  s;ich  operation  will  clear  the  previous  contents,  if  any,  of  the 
vorking  register. 

The  machine  also  has  an  auxiliary  register  that  can  he  cleaxed,  strings 
can  he  copied  from  it,  and  strings  can  he  concatenated  onto  either  end  of  its 
contents.  It  must  also  he  capehle  of  holding  strings  of  variable  lengths. 
Freq.uently  used  capabilities  vill  he:  deconcatenate  a  string  X  from  the 
vorking  register  and  concatenate  to  the  rl^t  of  the  contents  of  the  aux¬ 
iliary  register.  Or,  replace  hy  the  contents  of  the  auxiliary  register,  each 
occurrence  in  the  string  contained  in  the  working  register,  of  the  symbol  y. 

With  regard  to  the  realization  of  otur  machine  procedure  on  a  computer, 
symbol  manipulation  languages  are  well- suited  to  piohlems  of  this  nattsre. 
Comit,  a  new  user-oriented  general  purpose  symbol  manipulating  programming 
language9  seems  to  he  the  one  hest  suited  to  oxur  prohlem.  The  language  was 
designed  to  make  operations  on  strings  of  information  extremely  easy  to  per- 
fozm,  and  very  natural  to  use.  When  ve  spoke  of  placing  strings  of  arhitrary 
lengtli,  and  lists  of  arhitrary  depth  into  a  general  storage  area,  this  storage 
area  in  Comit  would  he  the  "shelves"  of  the  language.  The  genersl  working 
register  of  ^ich  we  spoke  would  he  Comit 's  "workspace".  The  auxiliary  regis¬ 
ter  that  we  needed  could  he  any  shelf,  since,  among  other  operations,  Comit 
gQIows  concatenation  or  deconcatenation  on  the  left  or  right  of  any  shelved 
string.  Scanning  a  string  in  the  workspace  of  Comit  and  performing  insertions 
or  deletions  is  the  most  powerful  feature  of  the  Coonit  system,  since  it  gives 
one  a  feeling  of  naturalness  in  not  having  to  worry  about  sxich  things  as  al¬ 
location,  overflow,  register  size,  etc.  Strings,  perhaps  representing  lists, 
can  he  duplicated  easily  within  the  system.  The  Comit  system  is  hi^ily  recom¬ 
mended  to  anyone  interested  in  machine  solutions  for  prohlems  which  require 
programming  techniques  similar  to  those  discussed. 


An  Illustration  of  the  Machine  Operating  on  a  Prohlem* 


Given: 


?!  (x)(Ey)((Fx.  o-/Gx)  o  Hxy.Jy)) 

P2  (Ew)(x)((Kw.Pw.  (Hwx  Kic)) 

P3  (x)  (Kx  =>  /  Gx) 

Pj^  (x)  ^  (iQc.Jx)  This  last  line  is 

the  negation  of  the 
concluuion  \diich  foUovs 
from  the  first  three  lines. 


argument  \ised  in  the  illustration  is  from  Quine,  reference  1. 
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Flret  Riase!  The  ^iaehlne  FoiBation  of  the  Functional  Honnal  Foias 


Tine  1  (empty)  (empty) 

Time  2  (x)(I^)((Fjc.  .-^  Gx)  o  (Exy.Jy))  (empty) 

Times  (x)(Ey)((Fx,  ^  Gx)  o  (Hxy.Jy))  x 

Time  U  (x)((Fx. Gx)  »  (Hxyjj. Jyjj) )  x 

Time  5  (enrpty)  (aapty) 


The  contents  of  the  A-Register  were  transferred  to  storage  location 

named 

Time  6  ...  The  above  process  continues  for  Pg,  P3,  and  Fj|^. 

Second  Phase;  The  Ilachlne  Instantiation 
Tne  F's  detemined  from  Phase  1  are: 

?]_  Gx)  (Kxt  .Jy  )) 

F2  (x)(l>,r.Pvr(HMX  Kx)) 

F3  (x)(Kx  ^  Gx) 

Fij.  (x)  (iti.Jx) 

The  machine  proceeds  as  outlined  on  pages  7  and  8  foming  the  follCT^- 

ing  lists: 

List  1  F(x),  Fi^  1 

F  w,  Pg,  1 

List  2  G(x),  1 

G(x)#  P3/  1 

List  3  H(x)(y3t),  Fi,  1 

H  w  (x),  F2,  1 

List  2).  J(yx)#  Pi/  1 

J(*)/  P^/  1 

List  .5.  .  .  . K  w/  Fg,.  .  !  , 

K(x),  Fg,  2 
K(x),  F3,  1 
K(x),  Fj^,  1 
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The  first  Instantiation  attessit  evolves  as  follows 


List  1 

rv.  Pi,  1 

Tv,  ?£,  1 

Ust  2 

Gtf,  7^,  1 

G(x),  Fj,  1 

Ust  3 

Hw  (y^),  Fg,  1 

List  k 

J  V  h*  ^ 
J(x),  1 

List  5 

K  V,  Pg,  1 
K(x),  Fg,  2 
K(r),  F3,  1 
K(x),  Fj^,  1 

Continuing  the  process: 

List  1 

F  V,  F^,  1 

F  w,  Fg,  1 

List  2 

G  V,  F  ,  1 

/ 

G 

List  3 

H  v(y^),  F^,  1 
E  w(x),  Fg,  1 

List  k 

J  yv»  Pi.  1 
J(x),  IV,  1 

List  5 

K  w,  Fg,  1 

K(x),  Fg,  2 

K  w,  F3,  1 
K(x),  F,^,  1 

(x)  vas  instantiated  as  v,  therefore, 
each  occurrence  of  the  bound  variable  x 
in  foxvtula  7^  is  detenoined  as  v. 


(x)  vas  instantiated  as  v,  therefore, 

each  bound  x  in  fomula  is  detenained  as  v. 


Oratinuing  tha  procass: 


List  1 

F  w,  Fp  1 

F  w,  Fg,  1 

List  2 

0  w,  F^,  1 

G  V,  Fg,  1 

List  3 

H  »  7^, 

®  *  V  *2' 

1.  (Pw  .  z'^Qv)  o 

2.  Kv  .  Fir  (Hwy,, 

3.  Rir  ^  Qw 

^  (I^y  .  Jy^) 


1  (x)  vas  inatastlstad  aa  y»  for  (x)  In 

list  U  gi^vas  rise  to  the  roUoving 
truth'funetional  fonas: 

(Biyv- 

KSr») 


Since  Kv  and  Fw  anist  he  true  (froa  2)  then  Qw  smst  he  false  (froai  3)* 
Buy^  and  Jy„  oust  therefore  he  true  since  (Fv.  Qv)  is  true  (frdn  l). 

Dust  he  true  since  Huy^  is  true  (frost  2)  Jy^  smst  he  false,  since  is  true 
(frost  If).  But  Jy^  cannot  he  true  and  false,  therefore  the  set  of  truth- 
functional  foms  is  contradictory.  Axtd,  therefore,  the  original  argtsnent: 


(x)(Bjr)((Fr.  rsj  Ox)  »  (Bty.jy)) 

-  -  (Ex)(x)((Eir.Fir.(Hi»x  »  Ex)) 

. -  .(*)(Bc  •=» -^  Qx) 

therefore,  (Sx)(&.Jir)  is  valid. 
Prohleans  for  Futttre  Reswur«di 


Hov  can  one  cos^pare  tte  prohles^solving  power  of  the  machine  procedure 
of  this  report  with  other  known  aethodst 

If  the  laaehine  fails  to  find  a  proof,  hm  can  furtiMr  attests  he  oade 
hy  aa  extended  aachije  to  increase  the  overall  power,  of  tlw  proeaduraT 

Give  a  proof  titat  the  stain  heuristic,  nsMly  swklng  all  strings  foUoving 
like  predicate  letters  idoitical,  is  the  hast  goal  vith  respect  to  i^nreing  a 
truth-functional  contradiction. 

Is  the  sMthod  used  in  the  attespt  at  getting  Hm  predicate  strings 
idratical  the  heat  oneT 
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